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ABSTRACT. In 2001, J. Hempel proved the existence of Heegaard splittings of arbitrarily 
high distance by using a high power of a pseudo-Anosov map as the gluing map between 
two handlebodies. We show that lower bounds on distance can also be obtained when using 
a high power of a suitably chosen Dehn twist. In certain cases, we can then determine the 
exact distance of the resulting splitting. These results can be seen as a natural extension 
of work by A. Casson and C. Gordon in 1987 regarding strongly irreducible Heegaard 
splittings. 



1. Introduction 

Since Hempel HO introduced the notion of the distance of a Heegaard splitting in 2001, 
there have been a number of results linking distance with the topology of the ambient 3- 
manifold. For example, work by Thompson l22l and Hempel [8 1 showed that if a manifold 
admits a Heegaard splitting of distance > 3, then the manifold is atoroidal and not Seifert 
fibered, hence hyperbolic by the Geometrization Conjecture. Hartshorn J6| found that 
if a manifold admits a distance d Heegaard splitting, then the genus g of an orientable 
incompressible surface must satisfy 2g > d. Scharlemann and Tomova lfl8l generalized 
this result to show that a Heegaard splitting of genus g and distance d such that 2g < d is 
the unique splitting of minimal genus for that manifold. 

Concurrently, there have been many efforts to construct examples of Heegaard splittings 
of high distance. Many approaches make use of the fact that a Heegaard splitting can be 
described by a homeomorphism between two handlebodies of equal genus. One of the first 
major achievements was made by Hempel J8] who, adapting an argument of Kobayashi 
ifTD . proved the existence of Heegaard splittings of arbitrarily high distance via the use 
of a high power of a pseudo-Anosov map as the gluing map between two handlebodies. 
However, the use of pseudo-Anosov maps meant no concrete examples were provided. 

This can be rectified by considering Heegaard splittings determined by a Dehn twist 
map, rather than one that is pseudo-Anosov. Casson and Gordon J5] introduced what is 
now referred to as the Casson-Gordon rectangle condition (published by Kobayashi in 
|[Tol ) that would ensure a Heegaard splitting has distance > 2. Moreover, they provided 
methods of generating Heegaard splittings using Dehn twists that satisfied this condition. 
Two of their results can be stated as the following. In the following statements, D(H) 
denotes the disk set of a handlebody H and distance refers to the distance in the curve 
complex of dH (these definitions and more details appear in Section|4]i. 
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Theorem 1.1. (Casson-Gordon Suppose H is a genus g handlebody. Let 7 be a 
simple closed curve that is distance > 2 from D(H). Then gluing H to a copy of itself via 

> 2 Dehn twists about 7 determines a genus g Heegaard splitting of distance > 2. 

Theorem 1.2. (Casson-Gordon Q). Suppose Hi and H2 are genus g handlebodies with 
dHi = dHi and the distance between D(H\) and D{H2) is at most 1. Let 7 be a simple 
closed curve that is distance > 2 from both D{Hi) and D{H2). Then gluing H\ to H2 via 

> 6 Dehn twists about 7 determines a genus g Heegaard splitting of distance > 2. 

More recently, Berge developed a modified rectangle condition that would guarantee a 
genus 2 splitting has distance > 3 (this criterion is described by Scharlemann in ifTTl ) and 
constructs examples of genus 2 splittings satisfying this condition. Hempel [8 | used Dehn 
twists and the notion of stacks to construct Heegaard splittings of distance > 3 and Evans 
[2) extended this result to Heegaard splittings of distance > d for any d > 2. Lustig and 
Moriah fl4] used Dehn twists and derived train tracks to produce another class of examples 
of splittings with distance > d. However, all of these results only provided a lower bound 
on the distance of the constructed splittings; the exact distance of the constructed examples 
of high distance splittings were typically unknown. 

In fact, until recently there was no proof that there existed Heegaard splittings with 
distance equal to d for every d G N. This question has largely been settled by the work 
of Ido, Jang, and Kobayashi J9), who have developed examples of high distance Heegaard 
splittings with an exact known distance. For any genus g > 2, they construct a genus g 
Heegaard splitting of a closed 3-manifold of distance d for any d > n g , where n g is a 
constant solely dependent on g and whose existence is due to a result of Masur and Minsky 
[TT31 regarding the quasi-convexity of the disk complex. 

We also provide examples of Heegaard splittings with an exact known distance using a 
different approach that relies exclusively on Dehn twist maps. The benefit of this approach 
is we avoid the need for the distance of our examples to be at least n g . Our results, shown 
below, can be seen as an extension of the work by Casson and Gordon (Theorems 11.11 and 
ll.21 i. They are proved in Section|5] 

Theorem 1.3. Suppose H is a genus g handlebody. Let 7 be a simple closed curve that 
is distance dfrom D(H) for some d > 2. Then gluing H to a copy of itself via > 2d — 2 
Dehn twists about 7 determines a genus g Heegaard splitting of distance exactly 2d — 2. 

Theorem 1.4. Suppose Hi and H2 are genus g handlebodies with dH\ = dHi and 
n = max{l, d{D{H\) 1 D(H2))}- Let 7 be a simple closed curve that is distance d\from 
D{H\) and di from D{H2) where d\ > 2, d2 > 2, and d\ + e?2 — 2 > n. Then gluing 
H\ to H2 via > n + d\ + Dehn twists about 7 determines a genus g Heegaard splitting 
whose distance is at least d\ + e?2 — 2 and at most d\ + d®. 

As a separate application of the machinery developed to obtain the above results, we 
show in Section [6] that the process described by Evans HJ can be replicated with fewer 
hypotheses and have higher distance than originally proven. 

2. Standard Cut Systems and Pants Decompositions 

Throughout this paper, E will denote a closed orientable surface with genus g such that 
.9>2. 

Definition 2.1. A standard cut system of E is a collection of g essential simple closed 
curves X in E such that E — X is a 2g-punctured sphere. 
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Definition 2.2. Let H be a genus g handlebody. A standard set of compressing disks of H 
is a collection of disjoint compressing disks T> C H so that dT> is a standard cut system 
in dH. A standard set of meridians of H is any collection of curves in dH that bounds 
a standard set of compressing disks of H. (Thus a standard set of meridians in dH is a 
standard cut system, but not vice versa.) 

Definition 2.3. A pants decomposition VofH is a collection ofig — 3 essential simple 
closed curves in £ such that £ — V is a collection of pairs of pants {i.e. three punctured 
spheres). 

Definition 2.4. A complete collection of compressing disks for a handlebody H is a col- 
lection of disjoint compressing disks whose boundary is a pants decomposition ofdH. The 
boundary of such a complete collection of disks is also called a pants decomposition of H. 

Definition 2.5. Let V be a pants decomposition ofT,. If P is the closure of a pair of pants 
component of — V: 

• a seam of P is an essential properly embedded arc in P that has endpoints on 
distinct components ofdP, 

• a wave of P is an essential properly embedded arc in P that has endpoints on the 
same component of dP. 




FIGURE 1 . w is a wave and s is a seam of the pair of pants component Q. 

Definition 2.6. Let a and b be simple closed curves or arcs with fixed endpoints in S. Then 
a and b admit a bigon if there is an embedded disk D in £ whose boundary is the endpoint 
union of a subarc of a and a subarc ofb. 

Definition 2.7. Two essential simple closed curves in £ (or two properly embedded arcs 
with fixed endpoints in an essential subsurface of £j intersect efficiently they do not 
admit a bigon. 

The condition that two curves a and b intersect efficiently is equivalent to the condition 
that the number of intersection points between a and b is minimal, up to (proper) isotopy 
(for a proof see (5)). 

Definition 2.8. Let V be a pants decomposition o/E. An embedded curve 7 is /c-seamed 
with respect to V if it intersects V efficiently and contains at least k copies of every isotopy 
class of seams of each pair of pants component of T, — V. 

The notion of a 1 -seamed curve was introduced by Kobayashi ifTTl . who denoted such 
curves to be of full type. Note that if a curve 7 is 1-seamed with respect to a pants decom- 
position V of S then neither 7, nor any simple closed curve disjoint from 7, can contain a 
wave in any pants component of E — V. 
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Definition 2.9. Let V be a pants decomposition of S. A collection of essential simple 
closed curves Y = {y\ , y2, yt } is collectively fc-seamed with respect to V if Y intersects 
V efficiently and (J yi contains at least k copies of every isotopy class of seams of each 



pair of pants component of £ — V. 

Lemma 2.10. Let T> be a complete collection of compressing disks for H and V = dV C 
dH. If 7 is an essential simple closed curve in dH that compresses in H and intersects 
V efficiently, then 7 is either isotopic to a curve in V or 7 contains at least two waves of 
components of dH — V. 

Proof. Let D C H be the disk that 7 bounds. Isotope the interior of D to intersect T> 
minimally. A standard innermost circle argument, exploiting the irreducibility of H, guar- 
antees that each component of D n T> is an arc. If D n T> = then 7 is isotopic to a curve 
in V. So suppose DnV ^<J). 

Let a be an outermost arc of D n V in D. Then a and an arc j3 C 7 together bound 
a disk in D that is disjoint from V in its interior. As 7 intersects V efficiently, j3 is an 
essential arc in a component of £ — V and is therefore a wave. Since D — T> contains at 
least two distinct disks cut off by outermost arcs, 7 contains at least two distinct waves. □ 

Note that Lemma l2. lOl implies that any meridian of H intersects a fc-seamed curve in at 
least 2fc points. 



We first reproduce a definition of a standard Dehn twist as described in Q. 

Definition 3.1. Let A be an annulus S 1 x [0, 1] embedded in the (6, r)-plane by the map 
(9, t) — > (6,t + 1) and let the standard orientation of the plane induce an orientation on 
A. Let T : A -> A be the left twist map of A given by T{6, t) = (8 + 2nt, t). Similarly, 
let the right twist map be given by T^ 1 (9, t) = (9 — 2nt, t). 

Definition 3.2. Let y be a simple closed curve in £ and N an annular neighborhood of 
y. Define <fi to be an orientation-preserving homeomorphism from A to N. Then the Dehn 
twist operator along y is the homeomorphism T y : S — > S given by: 



T y is well-defined up to isotopy. 

Remark 3.3. In this paper, we have picked the convention that all positive powers of the 
Dehn twist operator will apply a left twist. 

Definition 3.4. Suppose Y = {yi, y 2 , yt} is a collection of pairwise disjoint simple 
closed curves in E. Let Ty : S —> £ denote the composition of Dehn twists T yi o r y2 o 
... o T Vn . Since the yi are pairwise disjoint, it is easy to see that Ty is independent of the 
ordering of {yi}. 

Definition 3.5. Suppose N C £ is an annulus with a specified I-fibration in an oriented 
surface E, and c is a properly embedded arc in N with fixed endpoints that intersects each 
I -fiber of N efficiently. Let p be a point of intersection between c and ON. Then denote v c 
to be the inwards tangent vector of c based at p. Similarly, let vj be the inwards tangent 
vector based at p of the I -fiber of N that has p as an endpoint. Then c turns left in N at p 
( resp. turns right in N at p) if the orientation determined by the pair < vi , v c > ( resp. the 
pair < v c ,vi >) matches the corresponding orientation of the tangent space o/E at p. 



Ki<( 



3. Dehn Twists and Twisting Number 




4)oTo^ ) - 1 (p) ifpeN, 
p ifpe^-N. 



HIGH DISTANCE HEEGAARD SPLITTINGS VIA DEHN TWISTS 5 

N 



c 




Figure 2. c turns left in N. 



Definition 3.6. Let N be an annulus and let X = {x\,X2, ...,a; s } be a collection of 
pairwise disjoint simple closed curves in E. Then N is fibered with respect to X if N has 
an I-fibration such that N D X consists of I-fibers of N. 

The definition of the twisting number between two simple closed curves was first intro- 
duced by Lustig and Moriah in fl4l . To handle some additional subleties required for our 
arguments, we provide a modified definition. First, we give the definition of the twisting 
number for a properly embedded essential arc with fixed endpoints in an annulus and later 
generalize to the twisting number between two simple closed curves. 

Definition 3.7. Let X = {x\, X2, x s } be a collection of pairwise disjoint curves in 
E. Suppose N is an annulus in E that is fibered with respect to X. Let c be an essential 
properly embedded arc in N with fixed endpoints disjoint from X f] N that intersects 

each I -fiber of N efficiently. Set m = } — — -. Then c has twisting number m (resp. 

\Nnx\ 

twisting number (— m) ) in N with respect to X if it turns left ( resp. turns right) in N at its 
endpoints. 

In the following lemmas, it is helpful to work in the universal cover of the annulus. 
Recall that A is an annulus S 1 x [0, 1] embedded in the (8, r)-plane by the map (6, t) — > 
(6,t + 1). Then B = [0, 1] x M C K 2 is the universal cover of A with covering map 
ip : B — > A given by ijj(x,y) = (2iry,x + 1). The left twist map T : A — > A induces 
a homeomorphism T : B — > B given by T(x, y) = (x, y + x) (see Figure [3} so that the 
following diagram commutes: 

B T ) B 

•0 I Ip 

A — A 

If TV is an embedded annulus in E, we can compose ip with an orientation-preserving 
homeomorphism cf) : A — > N to consider B as the universal cover of N. Choose <f> so that 
the /-fibers of N lift to horizontal arcs in B. A properly embedded arc in N that intersects 
the /-fibers of N efficiently can be isotoped rel its endpoints so that it lifts to a collection 
of straight line segments in B, each with the same slope, that differ by a vertical translation 
of an integral distance. Applying the induced left twist map T (resp. right twist map) to a 
straight line segment in B then increases (resp. decreases) the slope by 1. 

Now let X = {xi, X2, x s } be a collection of pairwise disjoint simple closed curves 
on E that intersect N in /-fibers. Suppose n = \ N n X | and then, after possibly rechoosing 
4>, the collection of all lifts of the arcs of N n X are exactly the horizontal arcs in B of the 
form [0, 1] x — for all zeZ. Then a properly embedded straight line segment a in B with 
endpoints disjoint from lifts of N n X and with slope m projects to a properly embedded 
arc in N with twisting number — with respect to X, where a G Z is chosen so that \a\ is 




the total number of intersections between a and lifts of N n X, and a and m share the 
same sign (see Figure|4]i. 

B = [0,1] X R 
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Figure 4. An arc c with twisting number 2 with respect to X lifts to 
arcs with slope 2 in B = [0, 1] x 1L 



With this perspective we can make the following observations. 
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Lemma 3.8. Let X = {x\ 1 X2 1 ...,x s } be a collection of pairwise disjoint curves in S. 
Suppose N is an annulus in S that is fibered with respect to X. Let C\ and C2 be disjoint 
properly embedded arcs in N with twisting numbers mi and 777,2 in N respectively with 
respect to X. Then \mi — 7772! < 1- 

Proof. Let 77 = \N n X\ and let B = [0, 1] X R denote the universal cover of N with 
covering map as defined previously so that the lifts of the arcs N D X is the set {[0, 1] x 
— \z G Z}. Then c\ and C2 can be isotoped so that the collection of all of their lifts, £\ and £2 
respectively, are a collection of linear arcs in B with slopes equal to their twisting numbers, 
i.e. mi and 7772. Since C2 is disjoint from c\, any lift of C2 must lie in a parallelogram- 
shaped region R of B — c\ . The vertical distance between any consecutive lifts of c\ in B 
is equal to 1, so the slope 7772 of C2 must satisfy n%\ — 1 < 7772 < mi + 1. □ 

Lemma 3.9. Let X = {xi,X2, ■ ■■,x s } be a collection of pairwise disjoint curves in S. 
Suppose y is a simple closed curve in £ and N is an annular neighborhood of y that is 
fibered with respect to X. Let cbe a properly embedded arc in N with twisting number m 
with respect to X. Then T k (c) has twisting number 777 + k in N with respect to X. 

Proof. Again let 77 = \N n X\ and let B = [0,1] xR be the universal cover of N such 
that the set of all lifts of N (~l X is equal to {[0, 1] x —\z G Z}. Then c can be isotoped 
so that the collection of all of its lifts in B, denoted as c, is a collection of linear arcs in 
B with slope 777. Applying T k to B sends each linear arc of c with slope 777 to a linear arc 
with slope 777 + k. Projecting a component of T k (c) back down to N yields a properly 
embedded arc in N that agrees with t* (c) and has twisting number 777, + k with respect to 
X. □ 

The next goal is to define the twisting number for a simple closed curve 7 about a 
simple closed curve y that 7 intersects efficiently. This is more complicated than defining 
the twisting number for an arc in an annulus; given an annular neighborhood JV of y, 
ambient isotopies of 7 can modify the twisting number of any component of 7 n N. 

Let X = {xi,X2, x s } and Y = {7/1,7/2, Ut \ be collections of pairwise disjoint 
curves such that the components of X and Y intersect efficiently, and suppose N = 
{N\,N2, Nt} is a collection of pairwise disjoint annuli such that each iV, is an annular 
neighborhood of yi and Ni is fibered with respect to X. 

Definition 3.10. If "f is a simple closed curve that intersects X, Y, ON, and each I-fiber 
of N efficiently, then we will say 7 is in efficient position with respect to (X, Y, N). 

We will also require the use of the following helpful fact (see Q for a proof): 

Lemma 3.11. Let Y\, ...,Y n —i each be a collection of disjoint essential simple closed 
curves in £ so that each pair Yi, Yj intersects efficiently. IfY n is another collection of 
disjoint essential simple closed curves, then Y n can be isotoped to intersect each of the 
other sets efficiently without disturbing the efficient intersection of the others. Moreover, 
as long as no component ofY n is parallel to a component of any Yi, any two embeddings 
ofY n that intersect Y\, Y n -i efficiently are isotopic through an isotopy which keeps all 
intersections efficient ( though during the isotopy Y n may pass over intersection points of 
Yi with Yj). 

For our purposes, Lemma [3.111 implies that as long as 7 is not parallel to a component 
of X or Y, then between any two embeddings of 7 that are in efficient position with respect 
to (X, Y, N), there exists an isotopy f t (with t G [0, 1]) such that ft(j) intersects X, Y, 
and dN efficiently for all t. Moreover, after perturbing f t in N, we can assume ft{"f) is 
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in efficient position with respect to (X, Y, N) for all t. Then ft induces an isotopy f^ of 
S that is transverse to dN U Y and that can restrict to an isotopy on N. Let a, C2, c r 
denote the components of 7 n N with twisting numbers mi, mi, m r respectively in N. 
We can associate ci , C2 , . . . , c r with their images under ff and then track the corresponding 
changes in their twisting numbers. Using such isotopies, we want to isotope 7 to maximize 
Ej \ m j\- 

Definition 3.12. Let 7 be a simple closed curve that is in efficient position with respect to 
(X, Y, N). Suppose there exists a triangle E in S with a side sx in X, a side s n in dN, 
and a side s 7 in 7, such that E is disjoint from N. Then the triangle E will be called an 
outer triangle of N (see Figure\5}. 



N 



sx 






E 







Figure 5. A outer triangle of N. 

Given an outer triangle E of N, we can perform an isotopy supported in an open neigh- 
borhood of E of 7 that pushes s 7 and all other arcs of E n 7 into N (see Figure |6]l such 
that 7 will be in efficient position with respect to (X, Y, N) throughout the isotopy. Note 
that this isotopy increases J^j \ m j\- 




Figure 6. An isotopy of 7 across an outer triangle of N that increases \mj\. 

As |7flX I is finite, a finite number of isotopies of 7 across outer triangles of N will yield 
an embedding of 7 in efficient position with respect to (X, Y, N) that admits no such outer 
triangles. We claim that for such embeddings, ^ . \mj | is maximal over all representatives 
of the isotopy class of 7 that are in efficient position with respect to (X, Y, N). 

Proposition 3.13. Suppose 7 is a simple closed curve in efficient position with respect to 
(X, Y, N) and 7 is not parallel to a component ofY. Let c±, c%, ...,c r denote the compo- 
nents of 7 Pi N and let mj be the twisting number of Cj. Then |m 3 -| is maximal over 
all embeddings ofj that are in efficient position with respect to (X, Y, N) if and only if '7 
admits no outer triangles of N. 

Proof. Note that in the case that 7 is parallel to a component of X, then 7 admits no outer 
triangles (since it is disjoint from X) and J^j \ m j | = is maximal. 
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If 7 is an embedding in efficient position with respect to (X, Y, N) such that ^ • \m,j\ 
is maximal, then 7 admits no outer triangles, as otherwise an isotopy across such a triangle 
would increase J^j I m j I ■ 

Conversely, suppose that 7 admits no outer triangles of N, but J2j \ m j I is not maximal. 
Then there exists an isotopy ft of 7 that increases J2j \ m j\- Moreover, by Lemma [3.1 II 
we can assume ft(j) intersects X, Y, and dN efficiently for all t G [0, 1]. This implies 
ft induces isotopies and which are transverse to X and Y U dN respectively such 
that/f( 7 ) = jf(7) = / t ( 7 )forall t. 

Since f t increases £^ . \rrij |, there exists a point p G 7 n X such that p lies off of N, but 
/l (p) li es m -^V- Let t* denote the smallest value such that / t x (p) G cW. As f* (p) lies 
in <97V, (p) = f£(q) for some point (7670 <97V. 

Since we chose t* to be the smallest value such that / f A (p) G cW, there exists a subarc 
s of 7 connecting p to q such that ,§ is disjoint from N. Then as / t x pushes p along X 
across dN and pushes q along <9iV across X, s must form the side of an outer triangle 
E of N, where the other two sides of E consist of a subarc of X connecting p to (p) and 
a subarc of dN connecting q to f^(q). This contradicts our assumption that 7 admitted 
no such outer triangles of N, and hence J^j \ m j I i s maximal. □ 

We can now provide the definition of twisting number about a simple closed curve. 

Definition 3.14. Let y be a simple closed curve that intersects X efficiently and N be an 
annular neighborhood of y that is fibered with respect to X. Suppose 7 is an essential 
simple closed curve that intersects y non- trivially. Then define the twisting number of 7 
in N, denoted as tw(j, N), to be the maximum twisting number of a component of^dN 
over all representatives of the isotopy class ofj that are in efficient position with respect 
to (X, y, N) and admit no outer triangles of N. 

We require 7 to intersect X efficiently as otherwise there would be no maximum to the 
twisting number of components of 7 DN. We include the assumption that 7 does not admit 
outer triangles of N as otherwise we could push any "negative twisting" of 7 about y to lie 
outside of N and therefore to (7, N) would always be non-negative. 

Suppose that N' is another choice of annular neighborhood of y that is fibered with 
respect to X. Then there exists an isotopy g t that sends N to N' such that /-fibers of N 
are sent to /-fibers of N' and X is fixed. In particular, this means for any component c of 
7 (~1 N, gi (c) is a component of 7 n N'. Moreover, if 7 is in efficient position with respect 
to (X, y, N) and does not admit any outer triangles of N, then g\ (7) is in efficient position 
with respect to (X, y, N') and does not admit any outer triangles of N'. Hence we can 
conclude that tw(j, N) = tw^j, N') and twisting number is independent of the choice of 
annular neighborhood of y. We will thus denote the twisting number as ^(7, y). 

Given our definition of twisting number and Lemma [3~9l one would expect for there to 
be a natural relationship between tw(-f, y) and <w(t !/ (7), y). If an embedding of 7 admits 
no outer triangles of N, by the following lemma we can then obtain an embedding of (7) 
via arc replacements of the components of 7 n N that, for k sufficiently large, continues 
to intersect X efficiently. This result and its corollary are integral to proving Lemma 13.181 
which provides the foundation for our later results. 

Lemma 3.15. We continue to define X, Y, and N as before (Y is allowed to have mul- 
tiple components). Suppose 7 is a simple closed curve in efficient position with respect 
to (X, Y, N) and admits no outer triangles of N. Denote the components of 7 fl N as 
Ci, C2, c r and let nij be the twisting number of Cj in the component of N that contains 
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Cj. Let k G Z such that either for all j, k + rrij > or for all j, k + rrij < 0. Then there 
exists an embedding 0/^(7) in efficient position with respect to (X,Y,N) that admits 
no outer triangles of N and the components 0/7^(7) H N consist of arcs {c' 1; c' 2 , c' r } 
where c'j has twisting number rrij + kfor each j. 

Proof. Let 7' = 1^(7). By Lemma [3l)l we can obtain an embedding of 7' by fixing 7 off 
of TV and replacing each component Cj of 7 n N with a properly embedded arc c'j in N 
that has twisting number rrij + k. We replace these arcs carefully so that this embedding 
of 7' intersects Y and each /-fiber of N efficiently. As 7 intersects dN efficiently, this 
embedding of 7' will as well. So it remains to show that this embedding of 7' intersects X 
efficiently. 

Suppose otherwise. Then there exists a component b' of 7' — X that cobounds a bigon 
D with a subarc of some xi G X. As 7 intersects X efficiently, b' cannot be contained in 
the complement of N since it would then coincide with 7. Moreover, as the components 
of 7' n N intersects each /-fiber of N efficiently, b' cannot be contained in N. So b' and 
dN must intersect at least once and we can consider the two distinct components (3\ and 
/?2 of b' — dN which connect xi with dN and have interiors disjoint from dN. 

Suppose the interior of /3i lies off of N. Then j3i forms a side of an outer triangle of 
N. However, as this embedding of 7' agrees with 7 off of N, 7' also does not admit any 
outer triangles of N. Hence we have a contradiction and /3-y must instead be contained in 
N. Repeating the argument with /3 2 implies /3 2 must also lie in N. 

So both /?i and j3 2 are subarcs of components of 7' n N. By hypothesis, k was chosen 
so every component of 7' n N has twisting number with the same sign. On the other hand, 
the arcs of dN fl D must have one endpoint on xg and one endpoint on V, as otherwise dN 
would not intersect xi or b' efficiently. This means that /3i and p2 have twisting numbers 
of opposite sign in N (see Figure[7]), a contradiction. 

Hence 7' must have efficient intersection with X. □ 




Figure 7 . In this case, /3i has positive twisting number in N and (3% 
has negative twisting number in N. 

In particular, Lemma [3. 151 provides a lower bound for the twisting number of 7^(7) 
about y with respect to X for appropriately chosen k. 

Corollary 3.16. Let X, Y, N, and 7 be defined as in Lemma \3.15\ Let mi, m<x, m r 
be the twisting numbers of the components of '7 n N and choose k G Z so that for all j, 
k + rrij > 0. If a component of 7 H Nt has twisting number equal to m, for some Ni G N, 
then tw(TY("f),yi) > m + k. 

Proof. Suppose c is the component of 7II Nt with twisting number equal to m in Ne ■ Then 
by Lemma [3.15l we obtain an embedding of 7^(7) that is in efficient position with respect 



HIGH DISTANCE HEEGAARD SPLITTINGS VIA DEHN TWISTS 



11 



to (X, Y, N) by replacing c with an arc c' in Ng that has twisting number equal to m + k. 
Hence m + k is a lower bound for tw^yi"/), ye)- □ 

We now replace the arbitrary collection of pairwise disjoint curves X in E with a pants 
decomposition V of E. The twisting number of 7 around a 1 -seamed curve y then corre- 
sponds to the number of seams 7 contains and yields the following natural relationship. 

Remark 3.17. Let V be a pants decomposition of E and y a simple closed curve that is 
1-seamed with respect to V. If"/ is a simple closed curve such that \tw{"/, y)\ > k, then 7 
is k-seamed with respect to V. 

When applied in this setting, Lemma [3.151 gives the following result. Note that for 
part (c), we show that adding the assumption that Y is collectively 2-seamed with respect 
to V can strengthen the results shown in parts (a) and (b). Since each component of Y is 
assumed to be 1-seamed, Y is always collectively 2-seamed if Y has at least 2 components. 

Lemma 3.18. Let H be a handlebody with dH = E and V a pants decomposition for H. 
Let Y = {j/i , 2/2) ••• j Ut} be a collection of pairwise disjoint curves in E such that V and Y 
intersect efficiently and y,; is 1-seamed with respect to V for each i. Suppose 7 is a simple 
closed curve that intersects V and Y efficiently. 

(a) If"f is not 1-seamed with respect to V and 7 PI ye 7^ 0/or some yg, then for k > 1, 

tw(T^("f),y e ) >k-l. 

(b) If"/ bounds a disk in H, then for every j/j £ Y and k > 1, 

tw(T^), Vi ) > k. 

(c) IfY is collectively 2-seamed and k > 2 then the inequalities proved in parts (a) and 
(b) become strict inequalities. 

Proof. Let N = {N\, iVjj, Nt} be a collection of pairwise disjoint annuli such that 
Ni contains j/j and Ni is fibered with respect to V. Isotope 7 to be in efficient position 
with respect to (V, Y, N) and so it admits no outer triangles of N. Let ci, C2, c r be the 
components of 7 n N with twisting numbers mi,m2, m r respectively. 

Proof of part (a). As mentioned in the earlier remark, if \rrij | > 1 for any j then 7 would 
be 1-seamed with respect to V, since every component of Y is 1-seamed. Since this would 
contradict our hypothesis, \mf\ < 1. 

Then for k > 1, Corollary 13 . 1 61 implies £10(^(7), ye) is bounded below by k plus the 
twisting number of any component of 7 n Ng. As these twisting numbers are all at least -1, 
we gettw(T$(i),yt) >k-l. 

Proof of part (b). By Lemma 12.101 7 is either parallel to a component of V or contains a 
wave of a component of E — V . 

If 7 is parallel to a component of V, then for every yi G Y , yi intersects 7 and 7 n Ni 
consists of arcs with twisting number 0. Therefore, for k > 1, Corollary 13.161 implies 

tw(r£(i),yi) > k. 

So suppose 7 instead contains a wave w of a component of E — V. Then since every 
1-seamed curve must intersect w, each j/j intersects w and moreover w n Ni consists of 
properly embedded arcs in Ni with twisting number 0. This implies mi,m2, ...m r are 
all greater than or equal to —1 by Lemma [3~8l So, for k > 1, Corollary 13. 161 implies 

to(r£(7),yi) > k. 
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Proof of part (c). What we prove here is actually a slightly more general claim. 

Claim: Define V, Y, and N as before and also assume Y is collectively 2-seamed. Let 
7' be a simple closed curve that is in efficient position with respect to (V, Y, N) such that 
every component of 7' n N has strictly positive twisting number. Then if a component d 
of j' P\ N has twisting number equal to a positive integer, then there exists an isotopy of 
7' that keeps 7' in efficient position with respect to (V, Y, N) and increases the twisting 
number of d . 

Proof of claim. Since Y is collectively 2-seamed, one of the endpoints of d lies on the 
boundary of some rectangular component R of E — (N U V). Denote this endpoint as r 
and assume that we have perturbed 7' so that r lies off of P. 

Consider the subarc /3 of 7' fl R that has r as one endpoint. Then the second endpoint 
of (3 lies on one of the four sides of R. However, (3 cannot have both endpoints on the 
same side of R, as this would create a bigon between 7' and dN. Moreover, if we follow 
along /3 starting at r, we see that (3 cannot turn right in R and have its second endpoint 
on V, as then 7' would form a bigon with V. Thus, j3 must either turn to the left with its 
second endpoint on V, or have its second endpoint on the opposite side of R on dN. In 
the latter case, as all components of 7' n N have strictly positive twisting number, 7' must 
subsequently turn left in N. Note that since d has twisting number equal to an integer, the 
second endpoint of j3 cannot also be an endpoint of d . 

Therefore, as shown in Figure[8] in either case there exists an isotopy of 7' that preserves 
the efficient position of 7' with respect to (V, Y, N) and increases the twisting number of 
d . This concludes the proof of the claim. 

From part (a), we obtain the inequality that tw{T Y {^),ye) > k — 1 for some ye 6 
Y. Assuming k > 2 and Y is collectively 2-seamed, the above claim shows that any 
embedding of 7^(7) such that a component of t y (7) fl Nt has twisting number equal to 
k — 1 can be isotoped so that this twisting number is increased. Hence tw(jy('y), ye) > 
k-1. 

An identical argument shows that, with the added assumptions of part (c), we also 
achieve strict inequality in part (b). □ 



V 



V 



V 



V 




Figure 8. j3 is isotoped into N, increasing the twisting number of d . 



4. Heegaard Splittings and Hempel Distance 

Definition 4.1. A collection of pairwise disjoint essential simple closed curves Z in E is a 
full set of curves i/E — Z is a collection of punctured spheres. 
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In particular, both a standard cut system and a pants decomposition of £ are full. 

Suppose Z is a full set of curves in £. Consider the 3-manifold obtained from Ex/ 
by attaching 2-handles to E x {1}, one along each curve in Z. Since E — Z consists 
of a collection of punctured spheres, the boundary of the 3-manifold consists of E x {0} 
together with a collection of spheres. Attaching a 3-ball to each of the spheres creates a 
handlebody whose boundary is E. Denote the handlebody by Vz, with dVz = E. 

Definition 4.2. A genus g Heegaard splitting of a closed 3-manifold M is a decomposition 
of M into the union of two genus g handlebodies, identified along their boundaries. 

Remark 4.3. Let Z and Z' be two full sets of curves in E. Then Vz and Vz 1 are han- 
dlebodies and M = Vz Ue Vz' is a Heegaard splitting of the closed orientable manifold 
M. 

Given two full sets of curves Z and Z' in E such that E — Z and E — Z' are homeo- 
morphic (for example, if both Z and Z' are standard cut systems), there exists a surface 
automorphism of E that sends Z to Z' (for more details see J5])- This is the map that 
identifies the boundary of Vz to Vz 1 - Conversely, if we start with just Z and h is a surface 
automorphism of E, then we can obtain a 3-manifold with Heegaard splitting Vz^t.Vh(z)- 
In this way, every surface automorphism of E induces a Heegaard splitting of some closed 
3-manifold. 

Definition 4.4. The curve complex for E, denoted as C(E), is the complex whose vertices 
are isotopy classes of essential simple closed curves in E and a set of distinct vertices 
{vq, V\, Vk} determines a k- simplex if they are pairwise disjoint. 

Note that in this paper we only need to consider the 1 -skeleton of the curve complex. 

Definition 4.5. Given two collections of simple closed curves Z and Z' in E, the distance 
between Z and Z' , denoted d(Z, Z'), is the minimal number of edges in a path in C(E) 
between a vertex in Z and a vertex in Z'. 

Definition 4.6. Let H be a handlebody with dH = E. Then the disk complex of H, 
denoted as D(H), is the subcomplex o/C(E) determined by all essential simple closed 
curves that bound embedded disks in H. If Z is a full set of curves in E, we will let Kz 
denote D(Vz). 

The following definition was first introduced by Hempel (8). 

Definition 4.7. Let Z and Z' be full sets of curves in E. Then the Hempel distance, or 
distance, of the Heegaard splitting Vz U Vz 1 is equal to d(Kz, Kz 1 )- 

We now introduce the useful term "diskbusting." 

Definition 4.8. Let H be a handlebody with dH = E. A collection of pairwise disjoint 
essential curves Y = {yi, 1/2, yt} is diskbusting on H if every meridian of H intersects 
some yt £ Y. 

Observe that a simple closed curve y is diskbusting on H if and only if d(D(H) , y) > 2. 
On the other hand, there exist collections of curves Y such that Y is diskbusting on H and 
d(D(H), yi) = 1 for all yi € Y. For an example, see the collection Y2 in Figure[9] 

Definition 4.9. Let X be a standard cut system and Y = {yi, y%, yt} a collection of 
essential curves in E that intersect X efficiently. Then E — X is a Ig-punctured sphere and 
Y is a collection of properly embedded essential arcs in E — X. Obtain a planar graph 
Tx (Y) by having each puncture ofTi — X correspond to a vertex and each arc of Y in 
E — X represent an edge. 
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The graph Tx(Y) is known as the Whitehead graph (see lfl9ll ). 

Definition 4.10. A graph T is 2-connected if it is connected and V does not contain a 
vertex whose removal would disconnect the graph (i.e. T does not contain a cut vertex). 

The following theorems characterize diskbusting sets of curves on the surface of a han- 
dlebody and were first proven by Starr l20l . Alternate proofs have been given by Wu l23l 
(Theorem 1.2), Strong l2Tl (Theorem 3), and Luo |[T3l (Theorem 3.1). 

Theorem 4.11. (Starr lEUl . Theorem 1). Let H be a handlebody with outer boundary E. 
Suppose Y = {yi, 1/2, • 2/t} is a collection of essential simple closed curves in E. Then 

Y is diskbusting on H if and only if there exists a standard set of meridians X of H such 
that r x 00 is 2-connected. 

Theorem 4.12. (Starr ll20l . Theorem 2). Let H be a handlebody with outer boundary E. 
Suppose Y = {yi, y2, yt} is a collection of essential simple closed curves in E. Then 

Y is diskbusting on H if and only if there exists a pants decomposition V of H such that 

Y is collectively 1 -seamed with respect to V. 

Note that in the proof of Theorem l4.12l Starr proved that if Y is a collection of essential 
simple closed curves such that Tx(Y) is 2-connected (and therefore Y is diskbusting), 
then there exists a pants decomposition V of H such that X C V and Y is collectively 
1-seamed with respect to V. 




The following definition is a generalization of the notion of diskbusting to distance 3. 
The term "nearly fills" was chosen since "almost fills" is already used by Hempel in JU 
for an alternate purpose. 

Definition 4.13. Suppose Y is a finite set of disjoint essential simple closed curves in the 
boundary E of a handlebody H. Then Y nearly fills H if for every meridian d of H, the 
union of d and Y fills E. That is, S-(FU d) is a collection of2-cells. 

Proposition 4.14. Let H be a handlebody with dH = E. Then 

(1) A finite collection Y of pairwise disjoint essential curves in E nearly fills H if and 
only if for every essential curve 7 that is disjoint from Y, d(D{H) 1 7) > 2. 

(2) A single simple closed curve y in E nearly fills H if and only if ' d(D(H),y) > 3. 
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Proof. We begin with the proof of (1). Suppose Y nearly fills H. Let /3 be an essential 
curve disjoint from Y and d an arbitrary meridian of H. If f3 is disjoint from d, then dUY 
does not fill E, which contradicts our assumption. Hence f3 must intersect every meridian 
of H and therefore d{D(H),j) > 2. 

Conversely, suppose Y is a collection of pairwise disjoint essential simple closed curves 
with the property that any essential curve 7 disjoint from Y satisfies d(D(H),j) > 2. Let 
d be an arbitrary meridian of H. If d U Y does not fill E, then there exists some essential 
curve (3 in E that lies disjoint from d and Y. Since d G D(H), d(D(H), f3) < 2 and we 
have a contradiction. 

For the proof of (2), suppose y is a single simple closed curve that nearly fills H. By 
part (1), any curve 7 disjoint from y satisfies d(D(H), 7) > 2. Hence the length of any 
path between y to D(H) must be at least 3. □ 

5. Main Theorems 

Suppose H is a handlebody with dH = E and consider the Heegaard splitting induced 
by the identity map on E. The resulting 3-manifold is homeomorphic to # g (S 2 x S 1 ) and 
the Heegaard splitting has distance 0, as the disk sets of the two handlebodies are identical. 
Hempel [8 1 replaced the identity map with a high power of a pseudo-Anosov map to prove 
the existence of Heegaard splittings with arbitrarily high distance. We give a similar result 
by providing a lower bound on the distance of the resulting Heegaard splitting when the 
identity map is replaced with a high power of a Dehn twist map. As shown later in Lemma 
15.41 Dehn twisting about a curve 7 that is distance d from D(H) determines a Heegaard 
splitting of distance at most 2d — 2. We show that for a sufficiently high power of Dehn 
twists about 7 the resulting Heegaard splitting is exactly distance 2c? — 2. 

We first require the following utility lemma, which is a generalization of Lemma l3~8l 

Lemma 5.1. Let X = {x\,X2, ...,x s } be a collection of pairwise disjoint curves in E. 
Suppose y is a simple closed curve in E with annular neighborhood N that isfibered with 
respect to X. Let olq, ol\, a n be a collection of essential simple closed curves such that 
each intersects y, each is in efficient position with respect to (X, y, N), and ctj and ay+i 
are disjoint for < j < n — 1. Assume a component of a n D N has twisting number equal 
to m n with respect to X. If mi is the twisting number of a component of on PI N for some 
< i < n — 1, then \m n — rrii\ < \n — i\. 

Proof. Let b n be the component of a n DN that is assumed to have twisting number m n . For 
a fixed i such that < i < n — 1, let m; be the twisting number of a component of cti n N. 
Then for i < j < n, there exists some component bj of aj DN that is a properly embedded 
arc in N since each aj nontrivially intersects y. Let rrij denote the twisting number of bj 
in N with respect to X. Then by Lemma l3~8l as bj+i and bj are disjoint we have that 
\m,j + i — rrij\ < 1 for each j. So by the triangle inequality, \m n — < \n — i\. □ 

We now prove an extension of a result of Casson and Gordon (3], whose result is the 
following. 

Theorem 5.2. (Casson-Gordon [3]). Let H be a handlebody with dH = E and 7 a simple 
closed curve such that d(D(H), 7) > 2. Let V be a pants decomposition of ' H (so Kjy = 
D(H)) such that 7 is 1 -seamed with respect to V. Then for k > 2, d{Kj) 1 K rk( j), ) ) > 2. 

The above result of Casson and Gordon can be proved by showing that Dehn twisting at 
least twice about a 1 -seamed curve will yield a Heegaard diagram that satisfies the Casson- 
Gordon rectangle condition (see Example 3 in iflOl for details). 
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Note that if d(D(H), 7) < 1, then there exists some meridian a in H that is disjoint 
from 7, and therefore fixed by r 7 . Consequently, the Heegaard splitting induced by will 
always have distance 0. So if we are interested in creating Heegaard splittings of non-zero 
distance, we need to assume that d(D(H),j) > 2. Then by Theorem l4.121 there is a pants 
decomposition V of H such that 7 is 1 -seamed with respect to V. 

Lemma 5.3. Let H be a handlebody with dH = £ and 7 a simple closed curve such that 
d(D(H), 7) > dfor d > 2. Let V be a pants decomposition of H (so Kp = D(H)) such 
that 7 is 1 -seamed with respect to V. Then 

k if 2 < k < 2d - 2, 



mis \ ^ / k if2<k<2d- 

d(K p ,K r , {P) ) > I 2 . fk > 2d _ 2 



Proof. To simplify notation, let V' = t^{V). 

Suppose, for the sake of a contradiction, that d(Kp, Kp,) = I for some t < k and 
I < 2d — 2. Then there exists a sequence of simple closed curves a , ot\, ai such that 
consecutive curves are disjoint, ct G Kp, and ct( G Kp,. 

Note that d(Kp,j) — d(Kp,,j) since any path in C(E) between K-p and 7 can be 
sent by to a path between K-pi and 7 (since fixes 7) and conversely, any path between 
K-p' and 7 can be sent to a path between Kp> and 7 via r~ k . Therefore d(Kp,j) > d 
implies that d(Kp/,j) > d. 

Since £ < 2d— 2, j < d—2ort—j < d— 2 for any j such that < j <£. Consequently, 
ctj is a distance at most d — 2 from at least one of a>o or otg in C(E). As «o S K-p and 
a.£ E Kp>, we have that d(K<p, a.j) < d — 2 or d(K-p>, af) < d — 2. Then 7 being at 
least distance d from both K-p and Kp> implies that ctj must be at least distance 2 from 
7. Hence, otj intersects 7 for each < j < i. 

As ae is a component of K-pi, ae = T^(/3) for some P e K-p. Lemma EHb) then 
implies tw(ai 1 7) > k with respect to V. Let N be an annular neighborhood of 7 that is 
fibered with respect to V and assume ao, ot\, at have all been isotoped so that they are 
each in efficient position with respect to (P, 7, N), intersect each other efficiently, and a 
component of on n N has twisting number > k in N with respect to V. Then by Lemma 
15.11 each component of ot\ n N must have a twisting number of at least k — (£ — 1) > 2 
in with respect to T 3 . So «i is 1 -seamed with respect to V (since 7 is 1 -seamed) and 
therefore d(Kp, a\) > 2 by Theorem l4.12l But this is a contradiction as d(Kj>, a\) = 1. 
Hence, d(Kp, K-p,) > mm{k, 2d - 2}. □ 

One of the key arguments needed in the proof of Lemma l331 is confirming that, for any 
sequence ao, a-y , on of simple closed curves that form a path in C(£) between Kp and 
^ r fc(-p) of length less than 2d — 2, each ctj must intersect 7. This allows us to use Lemma 
15. 1 I to show that the twisting numbers of each ctj about 7 are dependent on k. In particular, 
their twisting numbers will increase as k increases. Therefore, we would expect that for 
sufficiently large values of k, the shortest path between Kp and K rk( jy^ must include a 
curve that is disjoint from 7. The following lemma shows it is not hard to construct a path 
of length 2d — 2 between Kp and K^^p^ that indeed includes such a disjoint curve. 

Lemma 5.4. Let V be a pants decomposition of E. Suppose 7 is a simple closed curve 
such that d(Kp, 7) = dfor some d > 1. Then for any k € 1, d(Kp 7 K rk( -p^) < 2d — 2. 

Proof. For the duration of this proof, let V' = (V). 

If d(Kp,j) = 1, there exists some a € Kp that is disjoint from 7. Then r 7 fixes a 
and therefore a G Kpi and d(Kp, Kp') ~ 0. 
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So suppose d > 1. By definition, d(K<p,j) = d implies there exists a sequence of 
simple closed curves ao, oi\, ad such that oij PI ctj+i — for < j < d, ao € Kp, 
and a d = 7. 

As ctd-i is disjoint from both 7 and a<j_2, ay_i is also disjoint from ^(0.4-2)- We 
then have the following path in C(£) of 2c? — 2 curves between Kp and Kp> (see Figure 

ao, ai, ad-2, aw-i,T 7 (ay-a), —, t 7 (ai), r 7 (ao). 
Hence c?( , A"-p/ ) < 2d - 2. □ 



7 # 



K k 



CP) 



"0 ai «d-2 «d-l r^(a d _ 2 ) T*(ai) T^(ao) 
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r^(a d _i) 

Figure 10. Path in C(S) between A~p and AT-p-. 

Combining the above two lemmas then gives the following result. 

Theorem 5.5. Let H be a handlebody with dH = E and 7 a simple closed curve such that 
d(D(H), 7) = dfor d > 2. Let V be a pants decomposition of H (so Kp = D(H)) such 
that 7 is 1-seamed with respect to V. Then for k > 2d — 2, d(Kp, K rk ^p^) = 2d — 2. 



Proof By Lemma 1531 for k > 2d - 2, d(Kp,K rk ,p,) > 2d - 2. On the other hand, 

Lemma[5j4]shows that Dehn twisting about a curve 7 such that d(Kp, 7) = d implies that 
d(Kp, K rk ^pj) < 2d — 2. Hence we achieve the desired equality. □ 

If we started with a simple closed curve 7 such that d(D(H), 7) = 3, the above theorem 
shows that for k > 4, Vp Us V Tk ip\ is a 3-manifold that admits a Heegaard splitting of 
distance exactly 4. While we lack the nice characterization of distance 3 curves that the 
work of Starr ll20l (Theorems 14.111 and I4.121 i and others provide for diskbusting curves, 
some distance > 3 Heegaard splitting criterions like those provided in ifTTl and (8) can be 
adapted to help identify distance 3 curves. So suppose we have identified such a curve 7 
and that ao, cti, a%, a.3 are simple closed curves that form a minimum-length path in C(S) 
such that ao 6 D{H) and a-^ = 7. Then Theorem |53] shows that Dehn twisting about 
7 a total of 4 times will produce a distance 4 Heegaard splitting. However, the arguments 
of Lemmas 15.31 and [5~4l also show that d(D(H),T*(ao)) = 4 for k > 4. So if we let 
f3 = r 7 (ao) and consider Dehn twisting about (3, we can produce a distance 6 Heegaard 
splitting and also d(D(H),Tg (ao)) = 6 for k! > 6. Repeating this process allows us to 
produce Heegaard splittings of arbitrarily high distance that have a known exact distance. 

The above manifolds that admit these high distance Heegaard splittings can be consid- 
ered the result of (^)-Dehn surgery along a curve 7 in the double of a handlebody. Casson 
and Gordon J3] generalized their Theorem |5.2| to the case where Dehn surgery is performed 
in a manifold admitting a weakly reducible (distance < 1) Heegaard splitting. Their result 
can be restated as the following (see the appendix of |fl6ll for a proof). 
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Theorem 5.6. (Casson-Gordon 0). Let H\ and H2 be handlebodies such that dH\ = 
dHi = £ and d(D{H\, D{H2)) < 1. Suppose 7 is a simple closed curve such that 
d(D(Hi, r y)) > 2 and rf(D(i?2, 7)) > 2. Lef Pi andVi be pants decompositions of Hi 
and if 2 respectively (so K>p = D(H\) and Kj> = D(H2)) such that 7 is 1 -seamed with 
respect to both V\ and P2. Then for k > 6, d{K-p^ , K T k(jD 2 j) > 2. 

We can extend this result of Casson and Gordon with the following lemma. 

Lemma 5.7. Let Hi and H% be handlebodies with dH\ = dH2 = S and let n = 

max{l, d(D(Hi), D(H2))}- Suppose di, g?2 are integers such that d\,di > 2 and d\ + 
CZ2 — 2 > n and let 7 be a simple closed curve such that d(D(Hi),"f)) > d\ and 
d(D(H2), 7)) > c?2- Let V\ and V2 be pants decompositions of H\ and H2 respectively 
(so Kj> = D{H\) and K-p = D(H2)) such that 7 is 1-seamed with respect to both V\ 
and Vi. Then 

A(*r *r ^^ / k if2<k<d 1 +d 2 -2, 

d{K Vi ,K T , +n+2( p 2) ) >{ di+d2 _ 2 ifk > dl+d2 -2. 

Proof. Assume that V\, V2, and 7 intersect efficiently. Let n = d{D{H\), D(H2))- Then 
there exists a sequence of simple closed curves a^, an such that consecutive curves are 
disjoint, ao G D(Hi), and a Tl E D(H2). Suppose N is an annular neighborhood of 7 that 
is fibered with respect to V\ and V2 and ao, ar e a H m efficient position with respect 
to (Pi, 7, N) and (V2, 7, N) and also intersect each other efficiently. Let m\,m2, ■■■,m r 
denote the twisting numbers of the components of a n n N with respect to V\. 

Claim 1: max{|mi|, |m r |} < n. 

Proof of Claim 1: As n < d\ + c?2 — 2, either j < d\ — 2 or n — j < c?2 — 2 for all j 
such that < j < n. If j < di - 2, then d(ay, D(H{)) < di - 2. On the other hand, 
d(j, D(Hi)) = d\, so it follows that d(aj,j) > 2. Similarly, the second case implies that 
d(atj, D(H2)) < c?2 — 2 and therefore d(aj,^f) > 2. In either case, ctj intersects 7 for 
each < j < n. 

Suppose, for the sake of a contradiction, that some component of a Tl n 7 has twisting 
number m* with respect to V\ such that |m*| > n. For n > 1, Lemma [5TTI implies the 
twisting numbers of the components of aid N will have absolute value strictly greater than 
1. So a\ is diskbusting on Hi, which implies that d(ai, D(Hi)) > 2, a contradiction. If 
n = 0, then n = 1 and |m* | > 1 would imply that ao is diskbusting, also a contradiction. 
Hence max{|mi |, \m r \} < n. This concludes the proof of Claim 1. 

Let j3 be an arbitrary meridian of H2- Isotope /3 to be in efficient position with respect 
to both (Pi, 7, N) and (V2, 7, iV), intersects a fi efficiently, and let 61, 62, b s denote the 
twisting numbers of the components of j3 n N with respect to Pi. 

Claim 2: max{|6i|, \b s \} < n + 2. 

Proof of Claim 2: Lemma |2. 1 01 implies that any curve that bounds a disk in H2 is either 
parallel to a component of P2 or contains a wave with respect to P2. This implies that any 
meridian of H2 that is in efficient position with respect to (P2 , 7, N) contains a component 
in N that has twisting number with respect to P2. Therefore, as a s and f3 are both 
meridians of H2, there exists a component of a Tl n and a component of /3 n N that 
are disjoint in N. So by Lemma [3781 their twisting numbers must differ by at most 1. 
Moreover, as the components of j3 H N are all disjoint, bi, 62, b s must all be within 1 of 
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each other. It then follows from Claim 1 that max{|6i|, \b s \} < n + 2. This concludes 
the proof of Claim 2. 

Claim 2 implies that the lower bound on the twisting number of any component of 
/3 n N is -(n + 2). So by Corollary [1161 for k > 2, tw(T* +n+2 (j3), 7) > k. As (3 was 
an arbitrary meridian of H2, this implies that every element j3' £ K T h+ n +-i^p^ satisfies 
tw(P',~/) > k. 

Suppose, for the sake of contradiction, that Co, Ci, C* is a sequence of simple closed 
curves such that consecutive curves are disjoint, Co G anc ^ *>* e ^r k (Pi) suc ^ *^ a * 

£ < d\ + (h — 2 and t < k. Then £ < di + — 2 implies that Q intersects 7 for each 
< £ < t. As ( t is an element of K rk ^p 2 y we have that tw(( t , 7) > So Lemma |5T1 
and t < k implies that £iu(£i,7) > 2 and therefore Ci is diskbusting on Hi, which is a 
contradiction. Hence, d[Kp^ , K T k+ n +2 ( jy^) > min{/c, di + c?2 — 2}. □ 

We can then combine the above lemma with an upper bound on the distance of the 
resulting splitting to show that Dehn surgery on a sufficiently complicated curve in a closed 
3-manifold can produce a Heegaard splitting with lower and upper bounds on its distance 
that differ by 2. 

Theorem 5.8. Let H\ and H2 be handlebodies with dH\ = <9i?2 = £ and let n = 
max{l, d(D(Hi), D{H2))}- Suppose di, (£2 care integers such that di, (£2 > 2 and d\ + 
(£2 — 2 > n and let 7 be a simple closed curve such that d(D(Hi), 7)) = d\ and 
d(D(H2), 7)) = c?2- Let Vi and V2 be pants decompositions of Hi and H2 respectively 
(so K-p = D(Hi) and K-p = D(H2)) such that 7 is 1-seamed with respect to both V\ 
and V2- Then for k > d\ + d2 — 2, 

di + d 2 - 2 < d(K Vi ,K T k+n+2 (V2) ) <d l + d 2 . 

Proof. The lower bound of di + (£2 — 2 is provided by Lemma \5J\ As (£(7, Kp ) = (£2 
implies that (£(7, K T k+ n +2fjy^) = (£2, we have 

d { K V^ K T^ n+2 (P 2 )) ^ d ( K V- L >'y) + d (7>^+"+ 2 ( ;p 2 )) <di+d 2 
by the triangle inequality. □ 

6. Improving Evans' Result 

We can also use Lemma [3.18l to simplify and improve a result by Evans J4J that gener- 
ates examples of high distance Heegaard splittings, which is presented below as Theorem 
16.11 Evans' approach uses an iterative process that carefully constructs a set of curves in 
the surface £ such that Dehn twisting twice about each of them produces a Heegaard split- 
ting of high distance. This is in contrast to Lemma 1531 which only requires a single curve 
of high distance, but then needs a large number of Dehn twists to obtain a high distance 
splitting. 

Note that the requirement for a "7 s -stack to have height at least 2" in Evans' theorem is 
a similar requirement to 7 S being 3-seamed with respect to V. We refer the reader to the 
work of Evans or Hempel for an introduction to stacks. 

Theorem 6.1. (HI. Theorem 4.4). Let X be a standard set of meridians o/S. Suppose j 3 
is a simple closed curve such that Tx (7s ) is 2-connected and each j s -stack has height at 
least 2. For n > 1, let 
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Y 1 




= {vl- 


••.Vfl}. 


Y 2 


= tUx) 


= {*?,- 


-,y 2 g }, 


Y 3 


= T y2 (X) 


= {yl- 


-,2/ 9 3 }, 


Y n — 




= {»?,- 





Then d(K x ,K Y n) > n. 

We make the following improvements to Evans' result: 

• we eliminate the requirement for every 7 s -stack to have height at least 2, 

• except for the one iteration to obtain Y 2 , we can restrict to Dehn twisting about a 
single curve, and 

• d(Kx, Ky™) > (n + 1) rather than n. 

The full statement of the theorem then becomes the following. 

Theorem 6.2. Let X be a standard set of meridians of £ and 7 S a simple closed curve 
such that Tx{ls) is 2-connected. For n > 1 let 



Y^rllX) ={yl,...,y 1 g }, 
Y 2 =t y1 (X) ={y 2 ,...,y 2 }, 
Y 3 = T 2 yi (X) ={yl,...,y 3 g }foranyy 2 EY 2 , 



Y n =r 2 : ^(X) = {y x ,...,y n g }forany V ^- 1 S Y n ~\ 



Then d(Kx , Kyn ) > (n + 1). 



Recall that Starr [ 20] showed that if j s is diskbusting on a handlebody, then there exists a 
standard set of meridians X for the handlebody such that Tx (7s ) is 2-connected. Therefore 
it suffices for 7 S to be any diskbusting curve. Moreover, Starr showed that if Tx (7s) is 2- 
connected then we can extend X to a pants decomposition V of S such that X C V and 
7 S is 1 -seamed with respect to V. Since Vx — V-p, we will often use this V instead of X 
in the following arguments if a pants decomposition is more useful. 

For example, we will use this pants decomposition V in the following lemma, which is 
a simplified version of a lemma given in (2) (see Lemma 3.5). This ensures that for % > 1, 
each curve of Y % in Theorem |6.2| is 2-seamed with respect to V . 



Lemma 6.3. Let V be a pants decomposition ofT,. Then if p is an element ofV and 7 is 
an m-seamed curve with respect to V, then (p) is 2km 2 -seamed with respect to V. 

Proof. As shown in Lemma 13.151 an embedding of (p) can be obtained by taking an 
annular neighborhood TV of 7 that is fibered with respect to V and replacing subarcs of p fl 
N with arcs that have twisting number k with respect to V. Each component of (p) n N 
will then contain at least km seams. As 7 being ?7i-seamed implies 7 intersects p at least 
2m times, T*(p) is then 2fcm 2 -seamed with respect to V . □ 



We now want to prove Theorem l6.2l for the cases when n = 1 and n = 2. The case when 
n = 1 is equivalent to the statement of Lemma 1531 for d = 2 and k = 2. As mentioned in 
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the previous section, this result was first shown by Casson and Gordon in [3j. So we begin 
by proving the case when n = 2. 

Lemma 6.4. Let X be a standard set of meridians of E. Suppose 7 is a simple closed 
curve such that Tx{j) is 2-connected. For k > 2, t^{X) nearly fills Vx- 

Proof. Let /?' be a simple closed curve in E that is disjoint from t*{X). By Proposition 
14. 141 it then suffices to show that j3' must be at least distance 2 from Kx- 

Theorem l4.12l implies that we can obtain a pants decomposition V of E such that X C 
V and 7 is 1 -seamed with respect to V. As the Dehn twist operator preserves intersection 
number, we can let f3' = t^(/3) for some curve (3 that is disjoint from X. Note that this 
implies (3 bounds a disk in Vx- Then by Lemma [3. 181 tw((3',j) > k with respect to 
V. Since k > 2 and 7 is 1 -seamed, /3' is also 1 -seamed with respect to V and therefore 
distance 2 from Kx by Theorem l4.12l Hence t^(X) nearly fills Vx- □ 

The above lemma shows that Dehn twisting a standard set of meridians about a disk- 
busting curve yields a collection of curves that nearly fills. In particular, this implies that 
the set Y 1 in Theorem l6.2l nearlv fills Vx- 

Lemma 6.5. Let V be a pants decomposition of E. Suppose Y = {yi, j/2, Ut\ is a 
collection of curves in E that nearly fills Vp and is collectively 2-seamed with respect to 
V. Then for k > 2, if ft' is a curve such that d{K rk ,-pN,/?') = 1, then tw(/3', yf) > k — 1 
for some yj G Y. 

Proof As d(K Tk ,<py (3') = 1, (3' is isotopic to Ty(j3) for some curve f3 that is distance 1 
away from K-p. This has two implications. The first is that j3 is not diskbusting on Vp 
and therefore by Proposition 14. 1 41 must intersect some component yj £ Y, The second 
implication is that f3 cannot be 1-seamed with respect to V by Theorem 14. 121 So Lemma 
I3.18l parts (a) and (c) together imply that tw(f3' , yf) > k — 1. □ 

The following corollary provides a more general version of a result by Hempel (see 
Theorem 5.4 in (8)) to construct examples of splittings with distance at least 3. In partic- 
ular, Hempel requires Dehn twisting about a full set of curves, which is not necessary for 
our result. 

Corollary 6.6. Let V be a pants decomposition of E. Suppose Y = {yi, 2/2, Ut} is 
a collection of curves in E that nearly fills Vx such that each component yi £ Y is 1- 
seamed with respect to V and Y is collectively 2-seamed with respect to V. Then for 
k>2, d(K p ,K T , {V} ) >3. 

Proof. Let (3 1 be a curve such that d(K Tk ,-p-. , /3') = 1. By Lemma lo31 tw((3' ,yf) > 1 
for some yj e Y. As we have assumed that yj is 1-seamed with respect to V, f3' must be 

1- seamed as well. Therefore, by Theorem [4.12l d(Kp,(3') > 2 and so d(Kp,K rk ,<ps) > 
3. □ 

We can now prove the case when n = 2 in Theorem 16. 2 1 in the following way. Lemma 
l6.3l proves that each component of Y 1 is 1-seamed, which also means Y 1 is collectively 

2- seamed since it has at least two components. Lemma l6T4l proves that Y 1 nearly fills Vx- 
So we can apply Corollary 16. 6l to Y 1 and conclude that d(Kx, Kyi) > 3. 

Note that Y 2 is obtained by Dehn twisting about each component of Y 1 , which has 
g components. If we wish to construct an example of a distance > 3 splitting by Dehn 
twisting about just a single curve, Corollary 16.61 implies that it is sufficient to Dehn twist 
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twice about a curve that is distance 3 from Kp and 2-seamed with respect to V. Hempel 
and Berge HI provide examples of distance 3 curves in a genus 2 surface that are 
2-seamed with respect to an appropriate pants decomposition. 

We now provide the groundwork for an inductive argument to prove Theorem 16.21 for 
the case when n > 2. Let Y % and Y % ~ x be defined as in Theorem l6.2l for i > 2. The next 
two results combine to show that if a curve ft satisfies tw{ft , yl) > 1 for some element 
yl of Y l , then any curve a' that is disjoint from ft must satisfy tw(a' , yl' 1 ) > 1 for some 
y*- 1 of Y*- 1 . 

Lemma 6.7. Let V be a pants decomposition o/S . Assume Y = {yi, yi, yt} is a 
collection of pairwise disjoint simple closed curves such that Y nearly fills Vjy. Moreover, 
let y' m = T Y (x m ) for some x rn G V. Suppose ft is a simple closed curve such that 
tw(ft, y' m ) > 1 with respect to V. If a' is a simple closed curve disjoint from ft, then a' 
must intersect some component yj G Y. 

Proof. Let C — {C%, C2, Ct} be a collection of disjoint annular neighborhoods of the 
components of Y that are each fibered with respect to V. By Lemma 13.151 we can obtain 
an embedding of y' m = Ty (x m ) that is in efficient position with respect to (V , Y, C) . Note 
that each point of y' m n V lies in C. 




Figure 11. TV is chosen so that all components of N n V lie in C. 



Now choose an annular neighborhood N of y' m that is fibered with respect to V such that 
each component of N H V lies entirely in C (see Figure [TTli. By hypothesis, there exists 
an embedding of ft that intersects (V,y' m , N) efficiently and a subarc b of ft n N has 
twisting number strictly greater than 1 with respect to V. So b intersects some component 
p of V PI Cj at least twice for some Cj G C. Observe that any curve that intersects y' m 
nontrivally must also intersect b or p nontrivially (see FigurefT2l). 

Suppose, for the sake of contradiction, that a' is disjoint from Y. Then as Y nearly 
fills Vx, by definition a' must be at least distance 2 from K\- So a 1 must intersect the 
meridian x m and, as a' is fixed by Ty, it also intersects y' m . Thus a' intersects either b or 
p nontrivially. In the former case, a' then intersects ft, a contradiction of our hypothesis. 
In the latter case, a' then has nontrivial intersection with Cj, as otherwise we could have 
isotopied a 1 to be disjoint from p. This implies a' intersects yj G Y, a contradiction. □ 

The following lemma is based on a result in J4| (see Lemma 4.3), which was later 
restated with a new proof in J2) (see Lemma 3.4). We provide a modified statement and 
proof since we desire twisting numbers that are strictly greater than 1 . 




Lemma 6.8. Let V be a pants decomposition o/X. Assume Y = {y 1,2/2, ■•■,J/t} w a 
collection of pairwise disjoint simple closed curves that intersect V efficiently, each curve 
is 1 -seamed with respect to V, and Y is collectively 2-seamed. Moreover, let y' m = Ty (x m ) 
for some x m G V. Suppose f3' is a simple closed curve such that tw(f3' , y' m ) > 1 with 
respect to V. If a' is disjoint from /3' and a' intersects some yj G Y, then tw(a' , yf) > 1. 

Proof. Let C be an annular neighborhood of yj that is fibered with respect to V . Assume 
we take a copy of x m that has been pushed off of V. Then the arcs of x m (~l C all have 
twisting number 0. Moreover, there are at least two components of x m fl C since yj is 

1 - seamed with respect to V . Lemma [3.151 implies that we can obtain an embedding of y' m 
that is in efficient position with respect to (V, yj, C) such that y' m n C contains at least 
two arcs with twisting number 2 that we will denote as C\ and c 2 . Since Y is collectively 

2- seamed, we can then use Lemma [3. 181 part (c) to show that the twisting numbers of c\ 
and C2 are strictly greater than 2. Note that we can assume all intersections between y' m 
and V lie in C. 

Now let N be an annular neighborhood of y' m that is fibered with respect to V and each 
component of TV n V lies entirely in C. As tw{(3' , y' m ) > 1, there exists an embedding 
of /3' that is in efficient position with respect to (V, y' m , N) and a component b of /3' n N 
has twisting number greater than 1 . We can therefore isotope /?' within N to agree with 
y' m except for a small neighborhood around a point of intersection r between y' m and V 
(see Figure [T3ll. As r lies in C we can assume this small neighborhood is contained in C. 
Since c\ and C2 are distinct components of y' m n C, b coincides with at least one of them. 
So tw((3' , yj) > 2. As a' is assumed to be a curve that intersects yj and is disjoint from 
j3', by Lemma [3~8"1 we have tw(a', yj) > 1. □ 

We can now prove Theorem l6.2l 

Proof of Theorem \6.2\ Extend X to a pants decomposition V of E such that I CP and 
7 S is 1 -seamed with respect to V '. 

As mentioned earlier, the case when n — 1 is a special case of Theorem l5.5l (when d = 2 
and = 2). For the case when n = 2, we use Lemma |6*31 to show that each component 
of Y % for i > 1 is 2-seamed with respect to V (this fact is also used for the case when 
n > 2). Moreover, this implies each Y l is collectively 2-seamed since Y l contains at least 




Figure 13. b is isotoped to coincide with y' m everywhere except a small 
neighborhood of r. 



g components where g > 2. As Lemma loT4l shows that Y 1 nearly fills Vx, Y 1 satisfies the 
hypotheses of Corollary 16. 61 which shows that d(Kx,Ky2) > 3. 

So assume inductively that d(Kx, Kyi) > i + 1 for i < n and n > 3 and it remains 
to prove that d(Kx, Kyn) > n + 1. In particular, this means that Y n is the image of X 
after two Dehn twists around a single curve y"^ 1 that is distance at least 3 from Kx and 
is 2-seamed with respect to V by Lemma 1631 

In search of a contradiction, suppose that d(Kx , Kyn) = to for some 2 < m < n. 
Then there exists a sequence of curves ao, ot\, a m such that tx, n aj+i = for < j < 
to, ctQ S -R'x, and a m G Ky». 

As n > 3, d(Kx, 2/ n_1 ) > 3 by our inductive hypothesis and therefore i/™^ 1 nearly 
fills Vx- Then since u m -\ is distance 1 from Kyn, we can apply Lemma 1631 to get 
iu>(a m „i, > 1. For i > 2, each component of nearly fills Vx and is 2-seamed 

with respect to V by Lemma |63l If m > 2, we can then apply Lemma I6T71 to show that 
a curve disjoint from a m _i (in particular, a m _2), must intersect y"~ 2 and then Lemma 
I6.8l implies that tw(a m -2,y™~ 2 ) > 1- We can then repeat the application of Lemma 16^71 
and Lemma 16751 and conclude that tw(a\ , y™~ m+1 ) > 1 where y™~ m+1 is an element 
of Y n ~ m+1 . Observe that in the case when (n — m + 1) > 1, is precisely the 

element of y n ~ m+1 used to generate y™-" l + 2 a s specified in the statement of the theorem. 
If (n — m + 1) = 1, then since F 2 was obtained by Dehn twisting about all g curves of 
Y 1 , yl represents some component of Y 1 that we know had to intersect a\ by Lemma loTTI 

In either case, a\ has a subarc with twisting number strictly greater than 1 around a 1- 
seamed curve. So a\ is also 1-seamed with respect to V and d(Kx, oti) > 2 by Theorem 
14.121 But we had assumed that cti was distance at most 1 from Kx and therefore we have 
a contradiction. 

Hence d(K x ,Kyn) > (n + 1). □ 

The following are some observations about the examples generated in Theorem l6.2l 

1. The manifolds Vx Us Vyn are Haken. 

Evans (see Theorem 3.4 and Corollary 3.5 in H) showed that given a collection of 
pairwise disjoint simple closed curves Z and Z' = t^(X) where k > 0, then the resulting 
manifold determined by Vx Us Vz> is Haken if Z is not full (for example, if Z contained 
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less than g components). Moreover, she showed that ir(Vx Us Vz>) —> n(Vx Us Vz) is a 
surjection. When applied to Theorem l6.2l (for n ^ 2), the manifold determined by Vx Us 
Vy n is Haken since it was obtained by Dehn twisting about a single curve. Vx Us Vy2 is 
also Haken since its fundamental group surjects onto Vx Us Vy 1 , which was Haken. 

The same argument can be used to show that the manifolds resulting from Theorem 
I5.5l are also Haken. Recently, Li lfT2l has produced examples of high distance non-Haken 
Heegaard splittings. 

2. For n > 2g, the manifold determined by Vx Us Vyn has minimal genus g. 

Scharlemann and Tomova (see Corollary 4.5 in ifljO) showed that if the distance d of 
a genus g Heegaard splitting with splitting surface E is strictly greater than 2g, then the 
splitting is minimal genus. Since Theorem l6.2l shows that Vx Us Vy™ has distance at least 
n + 1, if n > 2g, then the splitting Vx Us Vy™ is a minimal genus splitting. 
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